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On moduli spaces of positive scalar
curvature metrics on highly connected
manifolds
Michael Wiemeler
∗
LetM be a simply connected spin manifold of dimension at least six which
admits a metric of positive scalar curvature. We show that the observer
moduli space of positive scalar curvature metrics onM has non-trivial higher
homotopy groups.
Moreover, denote byM+0 (M) the moduli space of positive scalar cuvature
metrics on M associated to the group of orientation-preserving diffeomor-
phisms of M . We show that if M belongs to a certain class of manifolds
which includes (2n − 2)-connected (4n − 2)-dimensional manifolds, then the
fundamental group of M+0 (M) is non-trivial.
1 Introduction
The space R(M) of Riemannian metrics on a closed orientable manifold M is an open
Diff(M)-invariant convex cone in the infinite dimensional vector space Γ(S2(T ∗M)) of
symmetric (2, 0)-tensors on M . Here Γ(S2(T ∗M)) is equipped with the C∞-topology.
R(M) contains as an open Diff(M)-invariant subset the space R+(M) of positive scalar
curvature metrics on M . If G ⊂ Diff(M) is a subgroup, we say that the orbit space
M+G(M) = R
+(M)/G is the moduli space of positive scalar curvature metrics on M
associated to G. Of particular interest are here the cases where G = Diff(M) is the
whole diffeomeorphism group, G = Diff0(M) is the group of orientation-preserving dif-
feomorphisms, or G = Diffob(M) is the observer diffeomorphism group, i.e., the group
of all diffeomorphisms which fix a given point x0 ∈ M and act as the identity on
Tx0M . In these cases we let M
+(M) = M+Diff(M)(M), M
+
0 (M) = M
+
Diff0(M)
(M) and
M+ob(M) =M
+
Diffob(M)
(M).
In recent years a lot of work was devoted to the study of these spaces and moduli
spaces. Here we do not want to repeat the whole development of the subject. Therefore
∗The research for this work was supported by DFG-Grant HA 3160/6-1.
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we refer the reader to the book [TW15] for an overview and to [BERW17], [CS13],
[CSS18], [HSS14] and [Per17] for more recent developments.
In the two recent publications [HSS14] and [BERW17] it is shown that, for a high
dimensional spin manifold M which admits a metric of positive scalar curvature, the
spaceR+(M) has non-trivial higher rational homotopy groups πk(R
+(M))⊗Q in certain
degrees k.
While for the construction in [HSS14] the degree k of these homotopy groups is
bounded above by some constant depending on and growing with the dimension of the
manifold, the proof in [BERW17] does not require such a bound. However, in [HSS14]
it was also shown that the natural map
πk(R
+(M), g0)⊗Q→ πk(M
+
ob(M), g0)⊗Q
has non-trivial image if M is a Aˆ-multiplicative fiber in degree k (see Definition 2.2).
Here we observe that M is always a Aˆ-multiplicative fiber in degree k if k > 2 dimM .
Combing this observation with the results cited above leads to the following theorem:
Theorem 1.1 Let M be a closed spin manifold of dimension n ≥ 6 which admits a
metric of positive scalar curvature. If k = 4s−n−1 > 2n, s ∈ Z and g0 ∈ R
+(M), then
πk(R
+(M), g0)⊗Q→ πk(M
+
ob(M), g0)⊗Q
has non-trivial image.
If moreover, there is no non-trivial orientation-preserving action of a finite group on
M , then
πk(R
+(M), g0)⊗Q→ πk(M
+
0 (M), g0)⊗Q
has non-trivial image.
Examples of manifolds on which no finite group acts non-trivially and orientation-
preserving have been given by Puppe [Pup95]. These examples are simply connected
spin manifolds of dimension six. Therefore, by work of Gromov–Lawson [GL80], Schoen–
Yau [SY79] and Stolz [Sto92], they admit metrics of positive scalar curvature. Until now
it is an open problem whether there is a manifold which does not admit any non-trivial
action of a finite group.
Regarding the fundamental group of spaces and moduli spaces of positive scalar cur-
vature metrics we also show the following theorem:
Theorem 1.2 Let n > 1 and M be a closed spin manifold of dimension 4n − 2 which
admits a metric of positive scalar curvature and is a Aˆ-multiplicative fiber in degree 1.
Let, moreover, g0 ∈ R
+(M). Then the image of the map
π1(R
+(M), g0)→ π1(M
+
0 (M), g0)
contains elements of infinite order.
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Examples of Aˆ-multiplicative fibers in degree 1 are manifolds whose even degree ratio-
nal cohomology vanishes in all degrees except 0 and the top degree. In particular, this
holds for spheres, or more generally for (2n − 2)-connected (4n − 2)-dimensional mani-
folds, or connected sums of several copies of products S2m+1×S2m
′+1 of odd dimensional
spheres.
For the proof of this theorem we combine the results of [HSS14] and [BERW17] with
a result of Bourguignon [Bou75], which allows to lift paths inM(M) to paths in R(M),
and transversality considerations. While the transversality considerations generalize to
the situation of higher homotopy groups, the path lifting result does not. Therefore we
do not know whether Theorem 1.2 generalizes to higher homotopy groups.
As far as we know, the classes constructed in Theorem 1.2 are the first examples of
elements in the fundamental group of the space of positive scalar curvature metrics which
decent to elements of infinite order in the fundamental group of M+0 (M). Note that,
by [Wal14], π1(R
+(S4n−2)) is abelian. The space R+(S2) is known to be contractible
[RS01]. Hence, the above theorem is false for n = 1.
This note is structured as follows. In the next Section 2 we prove Theorem 1.1.
In Section 3 we recall some transversality results in the context of infinite dimensional
manifolds. Then in Section 4 we recall Ebin’s slice theorem and some of its consequences.
In Section 5 we give the proof of Theorem 1.2.
I would like to thank Anand Dessai for comments on an earlier version of this article.
2 Aˆ-multiplicative fibers
In this section we recall the definition of Aˆ-multiplicative fibers and prove Theorem 1.1.
Our proof of this theorem is based on the following result:
Theorem 2.1 ([BERW17, Theorem A]) Let M be a closed spin manifold of dimen-
sion n ≥ 6. If k = 4s− n− 1 ≥ 0 and g0 ∈ R
+(M), then the map
Ak ⊗Q : πk(R
+(M), g0)⊗Q→ Q
is surjective.
Here Ak denotes the secondary index invariant for metrics of positive scalar curvature
metrics. There are two definitions for this invariant one is by Hitchin [Hit74], the other
is by Gromov and Lawson [GL83]. However, as shown in [Ebe17], these two definitions
lead to the same invariant.
We also need the following definition from [HSS14]:
Definition 2.2 LetM be an oriented closed smooth manifold. We callM a Aˆ-multiplicative
fiber in degree k if for every oriented fiber bundle M → E → Sk+1 we have Aˆ(E) = 0.
The following two lemmas give sufficient conditions for general manifolds to be Aˆ-
multiplicative in some degree.
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Lemma 2.3 LetM be a closed oriented smooth manifold of dimension n ≥ 1. If k > 2n,
then M is a Aˆ-multiplicative fiber in degree k.
Proof. Let M → E → Sk+1 be a smooth oriented fiber bundle. The tangent bundle
of E is isomorphic to p∗(TSk+1) ⊕ V where V is the bundle along the fiber. Since
TSk+1 is stably trivial, it follows that TE and V are stably isomorphic. Therefore the
Pontrjagin classes of E are concentrated in degrees smaller or equal to 2n. Moreover,
since n < k, it follows from an inspection of the Serre spectral sequence for the fibration
that Hj(E;Q) = 0 for n < j < k + 1. Because 2n < k the Pontrjagin classes of E
are concentrated in degrees smaller or equal to n. Moreover it follows that all products
of these classes of degree greater than n must vanish. In particular all the Pontrjagin
numbers of E vanish and the lemma is proved. 
Lemma 2.4 Let M be a closed oriented smooth manifold of dimension n ≥ 1. Assume
that the even degree rational cohomology of M vanishes in all degrees except 0 and the
top degree.
Then M is a Aˆ-multiplicative fiber in degree one.
Proof. Let M → E → S2 be a smooth oriented fiber bundle. Then it follows from an
inspection of the Serre spectral sequence, that H4k(E;Q) = 0 for all k > 0 with 4k 6=
dimE = n+2. Therefore all rational Pontrjagin classes of E, except maybe p(n+2)/4(E),
vanish. However, p(n+2)/4(E) also vanishes because the signature is multiplicative in
fiber bundles with simply connected base [CHS57].
Hence it follows that Aˆ(E) = 0 and the lemma is proved. 
For Aˆ-multiplicative manifolds the following is known:
Theorem 2.5 Let M be a closed spin manifold and k ≥ 2. If M is a Aˆ-multiplicative
fiber in degree k, then the following holds:
1. The map Ak ⊗Q from above factors through πk(M
+
ob(M), g0)⊗Q.
2. If there is no non-trivial smooth orientation-preserving action of a finite group on
M then Ak ⊗Q factors through πk(M
+
0 (M), g0)⊗Q.
Proof. The first statement is proved in [HSS14, Section 2]. The proof of the second
statement is similar. Since there is no non-trivial orientation-preserving smooth action
of a finite group on M the isometry group of any Riemannian metric on M contains at
most one orientation-reversing involution and the identity. Therefore the group Diff0(M)
of orientation-preserving diffeomorphisms acts freely on R+(M).
In particular, there is an exact sequence
πk(Diff0(M), IdM )⊗Q→ πk(R
+(M), g0)⊗Q→ πk(M
+
0 , g0)⊗Q.
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Since M is an Aˆ-multiplicative fiber in degree k it follows from the arguments in
[HSS14, Section 2] that Ak⊗Q vanishes on the image of πk(Diff0(M), IdM )⊗Q. Therefore
the theorem follows. 
Our Theorem 1.1 now follows from the two theorems in this section and Lemma 2.3.
3 Transversality
In this section we start to collect the necessary material for the proof of Theorem 1.2. We
need the following transversality result for maps into infinite dimensional vector spaces.
Lemma 3.1 Let F be a topological vector space and p : F → Rn+1 a continuous linear
surjective map and U ⊂ F an open neighborhood of zero.
If f : Dn → F is a continuous map and K1, . . . ,Km ⊂ D
n are compact such that there
are open U1, . . . , Um ⊂ U with f(Ki) ⊂ Ui, then there is a continuous map f
′ : Dn → U ,
such that
1. f ′(Dn1/2) ⊂ U − {0},
2. there is a homotopy ht from f to f
′, such that ht(Ki) ⊂ Ui for all t and i and
ht|∂Dn = f |∂Dn .
Proof. The existence of p guarantees that F is isomorphic as a topological vector
space to Rn+1 × F ′ for some closed subvector space F ′ ⊂ F . Therefore the lemma
follows from the finite dimensional case F = Rn+1. This case follows from transversality
considerations as in the proof of Lemma 18.5 of [MS74]. 
Note that, if there is a continuous scalar product on an infinite dimensional topological
vector space, then there is always a map p as above. One can define p to be the orthogonal
projection onto some (n+1)-dimensional subvector space. Note moreover, that if F is an
infinite dimensional Banach space, then the existence of p is guaranteed by the Theorem
of Hahn and Banach. However, in the situation, in which we will apply the above lemma,
F is not a Banach space; but has a continuous scalar product.
4 Consequences of Ebin’s slice theorem
Besides the transversality result from the previous section we need some knowledge
about the local structure of the Diff(M)-action on R(M) to prove Theorem 1.2. The
basic structure result which we need is Ebin’s slice theorem [Ebi70] (see also [Bou75]
and [CK19]). Before we state it we fix some notations for the rest of this section.
We denote by R an open Diff(M)-invariant subset of the space of Riemannian metrics
on the closed manifold M . We let G ⊂ Diff(M) be a closed subgroup which contains
the identity component of Diff(M). For example, we could have G = Diff(M) or G =
Diff0(M). Moreover, we let M = R/G. For a metric g ∈ R we denote by Iso(g) ⊂
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Diff(M) the isometry group of g and by IsoG(g) the intersection of Iso(g) with G. Note
that, since M is compact, Iso(g) and IsoG(g) are compact Lie groups.
Now we can state the slice theorem of Ebin.
Theorem 4.1 For every g ∈ R there exists a contractible Iso(g)-invariant submanifold
S of R containing g such that
1. If η ∈ Diff(M) and (ηS) ∩ S 6= ∅, then η ∈ Iso(g).
2. There exists a local cross-section χ : Diff(M)/ Iso(g) → Diff(M) defined in a
neighborhood U of the identity coset such that if Φ : U × S → R is defined as
(u, s) 7→ χ(u)s, then Φ is a homeomorphism onto a neighborhood of g.
Since S is a manifold, there is a neighborhood of g in S which is Iso(g)-equivariantly
homeomorphic to an open invariant contractible subset D(E) of some topological vector
space E with 0 ∈ D(E), where Iso(g) acts linearly on E. Next we want to gather
some properties of this vector space E. We follow [Bou75] for the description of these
properties.
First note that on Γ(S2(T ∗M)) we can define a continuous scalar product 〈·, ·〉g by
〈h, h′〉g =
∫
M
g(h, h′) dvolg,
where h, h′ ∈ Γ(S2(T ∗M)) and dvolg denotes the volume element of the Riemannian
metric g.
Moreover, the tangent space of the Diff(M)-orbit of g in g is given by the image V of
the linear operator
δg : Γ(TM)→ Γ(S
2(T ∗M)) δg(X) =
1
2
LXg,
where LX denotes the Lie derivative. It has been shown by Ebin that V is a closed
subspace of Γ(S2(T ∗M)) and that it has an orthogonal complement with respect to
〈·, ·, 〉g , i.e. there exists a closed subvector space W of Γ(S
2(T ∗M)), such that
1. Γ(S2(T ∗M)) = V ×W as a topological vector space, and
2. 〈V,W 〉g = 0.
The vector space E from above is this W .
Note that by the Iso(g)-invariance of V and the scalar product, E is Iso(g)-invariant.
The next step is to understand the Iso(g)-action on E.
Note first that there is a projection map
p : Γ(S2(T ∗M))→ Γ(S2(T ∗M))Iso(g) p(h)(v,w) =
∫
Iso(g)
(γ∗h)(v,w) dγ,
where v,w ∈ TM and dγ denotes the Haar measure on Iso(g).
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This projection map restricts to a projection p′ : E → EIso(g). Indeed, for X ∈ Γ(TM)
and h ∈ E we have:
〈p(h),LXg〉g =
∫
M
∫
Iso(g)
g(γ∗h,LXg) dγ dvolg
=
∫
Iso(g)
∫
M
g(h,Lγ∗Xg) dvolg dγ
=
∫
Iso(g)
〈h,Lγ∗Xg〉g dγ = 0.
Therefore there is a closed subvector space F of E such that E = EIso(g) × F as a
topological vector space. By [Bou75, Proposition III.20], F is infinite dimensional if
Iso(g) is non-trivial.
Note, that by the slice theorem M is locally modeled on quotients D(E)/ IsoG(g). In
the following we will call these local models D(E)/ IsoG(g) Ebin charts of M. Further-
more, we refer to D(E) as an Ebin slice.
Note, moreover, that R and M can be split into strata which consist of metrics with
the same isometry group up to conjugation in Diff(M). As a consequence of the slice
theorem, for every g′ ∈ Φ(U×S), Iso(g′) is conjugated in Diff(M) to a subgroup of Iso(g)
(see [Ebi70, Theorem 8.1]). Furthermore, it follows from the proof of that theorem that
the minimal stratum in Φ(U × S), i.e. the set of those metrics in Φ(U × S) whose
isometry group is conjugated to Iso(g), is given by Φ(U×SIso(g)). Since the vector space
F from above has infinite dimension, it follows from Lemma 3.1 that maps from finite
dimensional manifolds to Φ(U × S) can be made transverse to the minimal stratum.
For our argument we do not need the full knowledge about the stratifications of R and
M. However, we have to study the following subspaces ofM andR which are defined via
the stratification. For m,k ∈ N, m+ k ≥ 1, we denote by Mm,k (by Rm,k) the subspace
of M (of R, respectively) which consists of classes of those metrics [g] (of those metrics
g, respectively) with dim Iso(g) < m or (dim Iso(g) = m and | Iso(g)/ Iso(g)0| ≤ k). Here
Iso(g)0 denotes the identity component of Iso(g).
Note thatRm,k is Diff(M)-invariant andMm,k = Rm,k/G. Moreover, R0,1 is the dense
open subset of R which consists of those metrics which have no non-trivial isometries.
Therefore, Diff(M) acts freely on R0,1 and, by the slice theorem, the orbit map R0,1 →
M0,1 is a fibration.
The inclusions Mm,k−1 ⊂ Mm,k ⊂ M are inclusions of open sets because each [g] ∈
Mm,k−1 has a neighborhood N such that for each [g
′] ∈ N , Iso(g′) is conjugated to a
subgroup of Iso(g).
Since Sn and Dn+1 are compact for all n ∈ N, we have the following lemma about the
homotopy groups of the Mm,k.
Lemma 4.2 For all n ∈ N we have:
1. For m ≥ 1: πn(Mm,0) = limk πn(Mm−1,k)
2. πn(M) = limm πn(Mm,0)
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3. For m,k ∈ N, m+ k ≥ 1: ker(πn(Mm,k)→ πn(Mm+1,0)) = limj ker(πn(Mm,k)→
πn(Mm,j))
4. For m ≥ 1: ker(πn(Mm,0)→ πn(M)) = limj ker(πn(Mm,0)→ πn(Mj,0))
5. Similar statements hold for homology groups.
Similar statements also hold for Mm,k replaced by Rm,k. However, for these spaces
we have the following stronger result.
Lemma 4.3 For k ≥ 1, m+ k ≥ 2, the inclusion Rm,k−1 →֒ Rm,k is a weak homotopy
equivalence, i.e. it induces an isomorphism on all homotopy groups.
Therefore, the inclusion R0,1 →֒ R is a weak homotopy equivalence.
Proof. As pointed out above, any map Sn → Rm,k, n ∈ N, can be made transverse to
the minimal stratum Rm,k −Rm,k−1. Therefore it is homotopic to a map into Rm,k−1.
Since a similar statement holds for maps defined on discs Dn+1, the first claim follows.
The second claim then follows from the limiting properties of the groups πi(Rm,k)
descriped above. 
We also need to know how paths in M can be lifted to paths in R. That this is
possible has been shown in [Bou75]. Here we need the following local version of this
result.
Lemma 4.4 Let γ : I → Φ(U × S)/G ∼= S/ IsoG(g) be a path and (u0, s0) ∈ U × S with
[Φ(u0, s0)] = γ(0).
Then there exists a path γ′ : I → Φ(U × S), such that [γ′(t)] = γ(t) for all t ∈ I and
γ′(0) = Φ(u0, s0).
Proof. Since IsoG(g) is a compact Lie group, it follows from [Bre72, Chapter II.6], that
there is a path γ′′ : I → S such that γ′′(0) = s0 and [γ
′′(t)] = γ(t) for all t ∈ I. The
path γ′(t) = Φ(u0, γ
′′(t)) then has the required properties. 
5 The proof of Theorem 1.2
In this section we prove Theorem 1.2. In this proof we use the same notation as in the
previous section.
The first step in the proof is to understand the maps π1(Mm,k−1)→ π1(Mm,k) induced
by the inclusions Mm,k−1 →֒ Mm,k, k ≥ 1, m + k ≥ 2. This is the content of the next
two lemmas.
Lemma 5.1 For k ≥ 1, m+ k ≥ 2, the map π1(Mm,k−1)→ π1(Mm,k) is surjective.
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Proof. Let γ : I →Mm,k with γ(0) = γ(1) ∈ Mm,k−1.
Then there are finitely many intervals [aj , bj ] ⊂]0, 1[, so that γ([aj , bj ]) is contained in
an Ebin chart and γ−1(Mm,k −Mm,k−1) ⊂
⋃
j[aj , bj ].
The path γ|[aj ,bj ] can be lifted to a path in an Ebin slice D(E). There it can be made
transversal to the minimal stratum. Since the complement of the minimal stratum in
an Ebin chart is connected, γ is homotopic to a closed curve in Mm,k−1. 
Lemma 5.2 For k ≥ 1, m+ k ≥ 2, the kernel of the map π1(Mm,k−1)→ π1(Mm,k) is
generated by torsion elements.
Proof. Let γ : I →Mm,k−1 be a closed curve and λ : I × I →Mm,k a null homotopy
of γ.
Then there are finitely many discs D21, . . . ,D
2
j ⊂ I × I − ∂(I × I) with piecewise
C1-boundary, such that:
1. λ−1(Mm,k −Mm,k−1) ⊂
⋃
i(D
2
i − ∂D
2
i )
2. λ(D2i ) is contained in an Ebin chart.
Without loss of generality we may assume, that there is a curve σ : I → I × I from
the base point to the boundary of D2k such that σ(t) 6∈
⋃
D2i for t 6= 1.
Cutting I × I along σ leads to a homotopy from γ to λ(σ ∗ ∂D2k ∗ σ
−1).
Now we can lift λ(∂D2k) to a curve in an Ebin slice and make it transversal to the
minimal stratum. This leads to a homotopy λ′ : I × I →Mm,k from γ to λ(σ ∗ ∂(D
2
k)
′ ∗
σ−1) with
1. λ′(∂(I × I)) ⊂Mm,k−1
2. λ′−1(Mm,k −Mm,k−1) is contained in k − 1 discs as above.
By induction we see that γ is homotopic in Mm,k−1 to
σ1 ∗ ∂D
2
1 ∗ σ
−1
1 ∗ σ2 ∗ ∂D
2
2 · · · ∗ σ
−1
k .
Therefore it suffices to show that closed curves δ which are contained in an Ebin chart
are torsion elements.
To do so, lift δ to an Ebin slice. Let δ′ be the lift of δ. Let H be the compact Lie
group which acts on this slice. Then there is a h ∈ H, such that hδ′(0) = δ′(1). Let l be
the order of the class of h in H/H0, where H0 is the identity component of H.
Then
δ′ ∗ hδ′ ∗ · · · ∗ hl−1δ′
is a lift of δk, which ends and starts in the same component of Hδ′(0). Therefore δl
can be lifted to a closed curve in the Ebin slice. Since the complement of the minimal
stratum in the Ebin slice is contractible, it follows that δ is torsion. 
As a consequence of these lemmas we get:
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Corollary 5.3 The kernel of H1(M0,1)→ H1(M) is torsion.
Proof. It follows from the two lemmas above that the kernels of the mapsH1(Mm,k−1)→
H1(Mm,k) are torsion.
To see this note that H1(Mm,k) = π1(Mm,k)/Cm,k, where Cm,k denotes the commu-
tator subgroup.
Let γ ∈ π1(Mm,k−1) such that [γ] = 0 ∈ H1(Mm,k). We have to show that γ is
contained in a normal subgroup of π1(Mm,k−1) which is generated by torsion elements
and Cm,k−1. Since [γ] = 0 ∈ H1(Mm,k), we have γ ∈ Cm,k ⊂ π1(Mm,k). Because
Cm,k−1 → Cm,k is surjective by the first lemma, it follows from the second lemma that
up to torsion elements γ is contained in Cm,k−1. This proves the claim.
The next step is to show that the kernels ofH1(M0,1)→ H1(M1,0) andH1(Mm−1,0)→
H1(Mm,0) are torsion. This follows from 3 and 5 of Lemma 4.2, by taking the limit.
Therefore the statement follows from 4 and 5 of Lemma 4.2, by taking the limit. 
By combining Theorem 2.1, the proof of Theorem 2.5, Lemma 4.3 and Corollary 5.3
we now get the following corollary which is Theorem 1.2.
Corollary 5.4 Let n > 1 and M be a closed spin manifold of dimension 4n − 2 which
is a Aˆ-multiplicative fiber in degree 1. Moreover, let g0 ∈ R
+(M). Then the image of
the map
π1(R
+(M), g0)→ π1(M
+
0 (M), g0)
contains elements of infinite order.
Proof. Wemay assume that g0 ∈ R
+
0,1(M). Note that, by Lemma 4.3, π1(R
+
0,1(M), g0)→
π1(R
+(M), g0) is an isomorphism. Moreover, Diff0(M) acts freely on R
+
0,1(M).
Therefore, using Theorem 2.1, one sees as in the proof of Theorem 2.5 that there are
elements of infinite order in the image of the map π1(R
+
0,1(M), g0) → π1(M
+
0,1(M), g0),
whose images in H1(M
+
0,1(M)) have infinite order.
Hence, the statement follows from Corollary 5.3. 
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